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Abstract: Application of a state space controller for two-mass system has been examined. However, the 
classical version of the controller was modified in order to improve properties of the whole system. For 
this purpose fuzzy model was implemented as an adaptation element for the parameters. The theoretical 
description of the control structure, numerical tests and experimental results (using dSPACE1103 card) 
have been presented. 
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1. INTRODUCTION 

In the control theory, adaptive models are often and widely applied. Numerous au-
thors present advantages of such structures, especially in applications for uncertain ob-
jects, in the case of problems with complete and precise identification of parameters, 
changes of the objects during work and other special disturbances of the plant. Those 
models are used in control systems as controllers, observers or compensators [1–4]. Re-
cent works related to adaptive control can be divided into two groups: First of them 
concerns hardware applications of known algorithms [5] and the second presents theo-
retical considerations [6]. 

Adaptive control algorithms applied for real plants are calculated using popular pro-
grammable devices. The criteria of selection of specific hardware platform depend on 
the type of applied adaptive control systems and frequency of calculation. The most 
popular seems to be implementation in digital signal processors, particularly for electri-
cal drives [7–9]. In some cases the main model of the controller can perform parallel 
computation. Moreover, in general we can divide to parallel paths in adaptive pro-
cessing: related to main path of controller and second for adaptation law. Those consid-
erations can lead to implementation of adaptation control structures in FPGA [10, 11]. 
Nowadays, trend presenting application of control algorithms in low-cost chips, can be 
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observed. It is important advantage especially for industrial applications. Thus, solution 
with 8-bit microcontrollers are also found [12]. 

Adaptive control theory presents different strategies of structures used for uncertain 
plants (for instance, direct adaptive control and indirect adaptive control) [13]. Models 
of the adaptive controllers can be based on classical PI/PID topologies [14], in other 
works neural and fuzzy models are used [15, 16]. The problems during design process 
and implementation of the code for calculation of many tested control methods can be 
caused by adaptation based on derivative (in some cases second order) of the cost func-
tion with respect to variables of the system. It can lead to complicated calculations and 
difficult hardware application. Other difficulties are related to identification of the ob-
ject and complicated mathematical calculations used in design process. 

The present paper presents adaptive control structure applied for a two-mass system. 
This model corresponds to mechanical part of the electrical drive with elastic long shaft 
connecting motor and load [17]. Finite stiffness of the coupling can lead to formation 
of oscillations of signals. It depends also on relationship between the mechanical pa-
rameters of load and motor [18]. When this ratio is below one, there are more oscilla-
tions and overshoot are visible. However, it can be reduced using other techniques (com-
paring to classical PI/PID controllers) like a state space controller or advanced 
structures, including neural networks or fuzzy logic controllers. Overall precise and dy-
namic speed control can be achieved using complete vector of state variables. However 
in industrial applications, parameters of the plant are not always available or can be 
changeable during work of the system. It introduces additional problems for a precise 
control. The most important assumptions for the proposed system are simplicity of the 
main controller and design process of adaptation algorithm, improvement of a classical 
controller (better work under disturbed parameters of the drive). For those purposes, 
fuzzy gain scheduling (FGS) in a state space controller is applied. 

Reports on knowledge-based systems in control systems are still increasing, however 
other significant (considering number of application and promising results) subgroup of 
applications should be highlighted – based on combination of classical controllers (or ob-
servers) with fuzzy and neural models [19–22]. One of the most problematic issues re-
lated to adaptive structures that are based on models from artificial intelligence theory 
is stability analysis. The most often some limitations to coefficients of adaptation law 
are introduced [23–25]. The considerations are done using the Lyapunov theory. Ex-
tended mathematical description and simulation presenting modification of PID con-
troller has been proposed in [26]. The authors reviewed practical methods of stability 
proof. It is especially important in relation to application of fuzzy models, where one of 
the main assumptions is design based on set of rules and the mathematical model should 
be simplified. Such approach can make fuzzy adaptive controllers more attractive for 
industry. Next issue in application of fuzzy models is proper selection of constant pa-
rameters needed for calculation of the algorithm. It applies also to adaptive fuzzy mod-
els, coefficients used in adaptation law or scaling factors used for input/output signals 
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should be appointed during design process. Mathematical analysis is often complicated 
and those values are selected experimentally. Costa et al. [27] successfully applied the 
particle swarm optimization algorithm for selection of coefficients in a fuzzy gain 
scheduling controller. The parameters of the adaptive controller proposed in this paper 
were selected using also a metaheuristic algorithm – Grey wolf optimizer (GWO) which 
has been presented elsewhere [28]. In the paper, simple adaptation of state space con-
troller, realized using a fuzzy model, has been proposed. Details of the control structure 
are presented in the following parts of paper. 

The application of the adaptive state space controller optimized using the fuzzy 
model for a two-mass system has been presented. After introduction, the mathematical 
model of the plant and overall control structure have been described. Then, fuzzy gain 
adaptation of the state space controller has been presented with the description of sim-
ulations conducted (including comparison to a classical state space controller). For ex-
perimental verification, the whole control algorithm was implemented in the processor 
of a dSPACE card and initial laboratory tests were made.  

2. MATHEMATICAL MODEL OF THE CONTROL STRUCTURE 

Many mathematical models have been published that can describe physical phenom-
ena occuring in two-mass systems. The most popular inertia-free-shaft two mass system 
model is used in this paper [8] due to its simplicity and correct results obtained in ex-
perimental verification. The state equation describing this part of the structure is as fol-
lows: 

 
 
 
 

 
 
 

1 1
1 1

2 2
2 2

1 10 0 0

1 10 0 0

1 1 0 0 0

e

L
s s

c c

T Tω t ω t
md ω t ω t
mdt T T

m t m t

T T

   
   

      
                  

             
   

     

  (1) 

where: 1ω , 2ω  – motor and load speeds, me, ms, mL – electromagnetic, shaft and load 
torques, T1, T2 – mechanical time constants of motor and load, Tc – the stiffness constant. 
All values of state variables are normalised to per unit system. 

Main transfer functions of a two-mass drive are: 
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Based on Eqs. (2), (3), the Bode plots were prepared, examples (for nominal param-
eters) are presented in Fig. 1.  

 
Fig. 1. Bode diagram of the open-loop two-mass system transfer functions 

Equations describing resonant and anti-resonant frequencies of a drive are as fol-
lows: 
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Figure 1a shows the Bode plots of a main transfer function for motor speed (2). 
There are two specific points – resonant and anti-resonant frequency. Figure 1b is re-
lated to the transfer function (3). The resonant frequency of a drive can be characterized 
by Eq. (4) and the anti-resonant one by (Eqs. (5), (6)). It should be noticed that increas-
ing load time constant can lead to lower values of both resonant and anti-resonant fre-
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quencies. On the other hand, higher values of this time constant can force lower fre-
quencies calculated using Eqs. (4)–(6). The same tendency occurs in the presence of 
fluctuations of the stiffness time constant. Based on Fig. 1 and Eqs. (4)–(6)), it appears 
that the above parameters influence operation of the plant. 

 
Fig. 2. Block diagram of the control structure 

The block diagram of the controlled structure is presented in Fig. 2. In relation to 
real, industrial application, the phenomenon observed in a two-mass system can be 
found in an electrical drive with long elastic coupling between the motor and load. Thus, 
the overall control system is based on the cascade structure that contains internal atorque 
control loop and external speed control loop. Starting from the left hand side, the system 
consists of a FGS block with four fuzzy systems to calculate coefficients for the state 
space controller. The control signal is shaped based on three state variables from the 
plant, additionally an integration element is also added to prevent a steady state error. 
The torque control loop is represented by the first order transfer function. This means 
that delay related to electromagnetic part of the drive after optimization is simplified to 
this form. Tf is initially set to 0 (influence of this simplification has been tested). It 
should be noted that, for higher power machines, this delay cannot be neglected but in 
these studies only low power machines are discussed. 

The main part of the system presented in Fig. 2 is a speed controller. The solution is 
based on the structure of the state space controller, full state vector is used for calcula-
tion of the control signal: 

  ref 2 1 1 2 3 2ez I sm K dt k k m k          (7) 

where KI, k1, k2, k3 are the gains of the controller. 
The nominal values of the coefficients for the state space controller can be acquired 

by means of the analytical synthesis [18]. This method requires only easy calculations 
and allows also forcing wide range of dynamics, determined by properly set of the sys-
tem poles. 
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where: rω – the resonance pulsation,  – the damping coefficient. 

3. FUZZY GAIN SCHEDULING STATE SPACE CONTROLLER 

One of the major weakness of the state controller, if precise control is assumed, is 
the need of collecting information about exact model of the plant and precise identifi-
cation of parameters. To overcome those disadvantages, modified state controller using 
the FGS method has been proposed. FGS is an approach in control theory that tends to 
use group of linear controllers (PI or PID). Each controller is suited for control at a cer-
tain operating point. One or more scheduling variables are used to determine exact op-
erating point of a plant and resolve an optimal controller for this point [29]. Gain sched-
uling is a very common practice in many science application but it is difficult to find an 
application of fuzzy adaptation for a state space controller implemented in the speed 
control loop of an electrical drive with elastic connection. 

 
Fig. 3. Overall structure of the fuzzy system 

In this paper, the FGS is used for on-line tuning of the classical controller. This 
method uses fuzzy models to set a current state of the system, instead of adaptation of 
the controller parameters according to laws based on the derivative of cost function. 
With respect to the fuzzy models, it consists of many controllers that are switched based 
on implemented rule sets and an appropriate arrangement of membership functions. The 
state space controller consists of four introduced fuzzy models working independently. 
During implementation of the code, to optimize the structure of the controller (for easier 
implementation in DSP and faster computation), fuzzification part is common for all 
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four fuzzy models. Each model calculates the gain of the speed controller, that is later 
multiplied with appropriate state variable as shown in Fig. 2. 

The basic structure of the fuzzy model contains parallel calculations combined in 
subsequent layers. Fuzzy model applied for state space controller is presented in Fig. 3. 
It consists of 4 main layers: 

 Layer 1 (L1) passes scaled inputs to the next layer. In this case, layer 1 corresponds 
to the error (e) and change of error (e) signals. 

 Layer 2 (L2) fuzzifies inputs based on membership functions that are implemented. 
 Layer 3 (L3) is applied to calculate the premises for all signals from previous layer. 

By applying T-norm (which is prod in this case) all inputs from the layer 2 are multi-
plied. 

 Layer 4 (L4) is a final layer which calculates final value of the fuzzy system. All 
of the weights wj are multiplied by corresponding nodes. Last part of the calculations in 
a fuzzy system deals with deffuzification, calculations are done using following equa-
tions [19]: 
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where: uj is the activation level of the j-th rule, wj is a singleton value. 

 
Fig. 4. General structure of fuzzy model used for on-line tuning of state space controller 

To ensure proper work of the fuzzy system, knowledge about control process is re-
quired; it helps setting up all parameters of the fuzzy model like membership functions 
or rule base. If this prerequisite is not met, the designer has to check how the system is 
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working. Similar procedure was done in the case of the analyzed state space controller. 
Error and derivative of this signal were observed if a step response of the system was 
forced (additionally those of controller parameters were noticed). 

It should be mentioned that every inputs to the system (Fig. 4), as well as output are 
scaled (coefficients ke, ke, ky), additionally, input and output gains of each fuzzy model, 
singletons arrangement as well as rule sets were optimized (off-line) using metaheuristic 
algorithm – Grey wolf optimizer [28]. 

4. RESULTS OF SIMULATION  

Control structure described in Section 3 was implemented in MATLAB/Simulink. 
Following parameters of the two-mass system were assumed: T1 = 0.203 s, T2 = 0.203 s 
and Tc = 0.0012 s. All tests were done for the reference speed equal to 25% of the nom-
inal value, to show the behaviour of the system when there is no limitation of electro-
magnetic torque. The load torque is changed twice, to show how it affects state varia-
bles. Transients of the reference speed and load torque are presented in Fig. 5. 

 
Fig. 5. Reference speed and load torque used in tests (simulations) 

As can be seen in Fig. 6 (for better presentation of details, additional results 
– zoomed transients – are presented in Fig. 7), dynamics of the classical state controller 
is really high, there is no overshoots and reaction to load torque switching is fast. Tran-
sients obtained using both controllers, classical and adaptive, are similar. It is caused by 
the same initial parameters of a modified controller, as in the classical structure. It 
should be mentioned that all gains of the classical controller were calculated based on 
Eqs. (8)–(11). Tests, presented in Fig. 8, show the transient of state variables under 
changes of state variables during the work of the drive, mechanical time constant of load 
is changed in t = 20 s. After changing the load time constant (T2), five times greater than 
the nominal one, overshoots and oscillations in transients of speeds are observed 
(Fig. 8a). Dynamics of the control structure with an adaptive state space controller is as 
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high as it is for nominal parameters of the drive. There is even less reaction to load 
torque after changing time constant due to use of fuzzy models. Higher values of elec-
tromagnetic torque is observed but it is normal when such change of parameter is intro-
duced. 

 
Fig. 6. Transients of state variables for structures with classical state space controller (a)  

and fuzzy state space controller (b) in the case of nominal parameters of the drive 

 
Fig. 7. Transients of state variables for structures with a classical state space controller (a) and a fuzzy state 

space controller (b) in the case of nominal parameters of the drive – zoom introduced for selected part of figures 
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Change of gains of the FGS state space controller is shown in Fig. 9. The controller is 
reacting to distrurbances applied to the system. After changing the time constant (in 20 s of 
simulation, Fig. 9), all gains have increased values. The operating point is switched and the 
speed is still close to the reference trajectory. The trends of changes of parameters in adap-
tive state space controllers seem to be interesting. Table 1 presents gains for both controllers. 
Second column shows values for gains calculated for the nominal values of parameters 
using Eqs. (8)–(11). Then, the recalculations for a changed time constant of the load 
were done (second column). Third and foruth columns of Table 1 present values of 
parameters selected using fuzzy models. The coefficients were measured before changes 
of T2 and after that disturbance. Generally, it leads to conclusion that values of gains in 
both controllers are close and the way of changes is similar, however proposed adapta-
tion introduces recalculation automatically. 

 
Fig. 8. Transients of state variables for structures with classical state space controller (a) 

and fuzzy state space controller (b) – changed parameter (T2) of the plant 

 
Fig. 9. Change of parameters in FGS state space controller 
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Table 1. Comparison of gains for both controllers 

Parameter
Pole distribution FGS

T2 = T2n T2 = 5T2n T2 = T2n T2 = 5T2n

KI 126.59 632.97 248.25 639.54
k1 32.48 32.48 35.90 65.01
k2 0.39 1.14 0.39 6.07
k3 –19.82 30.82 6.83 34.98

 
Next results of studies present correct work of the control system if T2 is set to T2  

= 0.5T2n. The results are similar for both controllers, however faster reaction of the adap-
tive controller can be seen during switches of the load (Fig. 10). 

 
Fig. 10. Transients of state variables for structures with classical state space controller (a) 

 and fuzzy state space controller (b); changed parameter (T2) of the plant 

 
Fig. 11. Transients of state variables for fuzzy state space controller  
– influence of different time of calculations in torque shaping loop 
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The adaptive controller was applied in a speed control loop of an electrical drive. 
Overall, such structure contains an additional internal torque control loop. This part of 
the drive introduces additional disturbances (delays for signal processing, measurement 
noises) for a speed controller. Moreover, this control loop was not taken into account 
during calculation of Eqs. (8)–(11). However it is obvious that in a real drive time the 
constant Tf is not equal zero. The more interesting are tests of the fuzzy space controller 
under increase of this value. Theesults are presented in Fig. 11. The delays caused by 
the electromagnetic loop are not affecting the drive. Transients are similar to those in 
Fig. 6b. Noteworthy is fact that the only minor differences are found in transients of 
torques (18 s of simulation). 

To compare both structures, a performance index – the integral of time multiply 
square error (ITSE) – was introduced. The several values of errors were obtained using 
the following formula: 

 
sim

2

0

( )
t

ITSE te t dt   [p.u.]  (13) 

where: tsim – total simulation time, e – error defined as a difference between the load 
motor speed and reference speed. 

Table 2 presents the performance indexes for both control structures: with the adap-
tive state space controller and containing a fixed state space controller. It can be clearly 
seen that the errors by this method were smaller than in the classical control structure. 
Change in its value is relatively small in comparison to the state space controller – one 
exception is when T2 is set to 5T2. 

Table 2. Values of the ITSE index  
for classical and adaptive state space controllers 

Time constant State space controller FGS state space controller
T2 = T2n 3.095 2.377
T2 = 2T2n 3.398 2.523
T2 = 5T2n 5.015 3.011

T2 = 0.5T2n 2.978 2.314
Tc = 2Tcn 3.404 2.392

Tc = 0.5Tcn 3.011 2.375
Tf = 0.001 3.096 2.377
Tf = 0.005 3.168 2.378

5. EXPERIMENTAL RESULTS 

Laboratory setup (Fig. 12) consisted of two DC motors with the nominal power 
equal 500 W. Machines were connected using a long shaft made from steel. To change 



 A state space controller applied for a two-mass system 147 

the time constant of the load, the motor flywheel was changed to set proper (other than 
nominal) time constant of the motor or load. Motors were fed by a power converter, 
current measurement was done using LEM sensors. Incremental encoders were imple-
mented to measure the speed of the motors. The whole drive was managed using 
dSPACE1103, all devices were connected to this card trough a control panel. The code 
of the algorithm was implemented in dSPACE directly using the Matlab and Simulink 
environment. 

 
Fig. 12. Laboratory DC drive stand 

 
Fig. 13. Transients of state variables for modified  

(FGS state space) controller 

The results of the first experiment present correct work of the speed controller. The ref-
erence speed is equal to 25% of the nominal value, cyclic reversions with frequency of 
0.2 Hz are performed. During steady states the load is switched. Tests have been done for 
20 s. The obtained transients are presented in Fig. 13. The controller is able achieve no 
overshoots in speed transients, as well as fast and precise response to the reference signal. 
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Fig. 14. Speed transients for compared controllers - performed for T2=5T2n 

In Figure 14, comparison between the classical state space controller and the modi-
fied model used in a speed control loop is shown (those transients are related to in-
creased time constant T2, modified in real stand using additional flywheel). Gains of the 
classical controller depend highly on the correct identification of the time constants of 
the plant, so any disturbances of T2 lead to high overshoots of the motor speed and load 
speed (Fig. 14a). Gains of the FGS state space controller adapted during changes of 
plant parameters and oscillations are successfully damped (Fig. 14b). It should be men-
tioned that the tests were done twice, for no load case and after activation of the second 
motor. Both tests present high quality of control obtained using adaptive controller. It 
should be also mentioned that results (especially for a modified controller) are similar 
to simulation, that can enable an application of proposed controller in real drives. 

6. CONCLUSIONS 

A FGS state space controller applied to a drive with an elastic joint has been pre-
sented. The controller used fuzzy models to compute gains for feedback connections. 
The control structure has been successfully implemented in the Matlab/Simulink and 
tested in simulations and experiments leading to the following conclusions. 

 A state space controller with fuzzy adaptation of gains can be used in the speed 
control loop of an electrical drive with elastic joint. 

 The results show that the drive is working with the same dynamics as a classical 
structure and effective damping of state variables oscillations (for nominal parameters 
of the two-mass system). 

 Additional disturbances like changes of parameters do not affect state variables of 
the system, fuzzy adaptation works correctly. 
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 Fuzzy adaptation algorithm does not use mathematical model or parameters of the 
object. 

 One of the main goals of the work was improvement of properties of a classical state 
space controller applied for a two-mass system. For the numerical assessment of quality of 
results, the performance error was introduced. Calculation of this parameter for various tests 
of the drive, including changes of time constants, gives possibility of comparison between 
both controllers implemented in speed control loop of electrical drive. Firstly, control struc-
tures were rated for nominal parameters of the drive. Error for classical controller was equal 
3.095, after introduction of adaptation it decreases to 2.377. In next cases, after changes of 
the nominal parameters of the plant, speed control errors were also reduced using a modified 
state space controller. The highest value of the ITSE index occurs when the mechanical time 
constant of the load was increased to 5T2n – 3.011 (for the FGS state space controller). The 
fluctuations of the error values for the adaptive state space controller are not so large as in 
the case of the classical controller. All the results show better indexes for the modified state 
space controller in comparison with the classical one. 

 Selection of the reference model is not needed (embarrassing in the case of imple-
mentation of fuzzy or neural adaptive controllers). 

 The developed control algorithm can be used in industrial applications because of 
the simplicity and effectiveness. Its correct work was verified in experiments. 
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